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Abstract
Gelfand - Nai˘mark theorem supplies contravariant functor from a category of com-
mutative C∗− algebras to a category of locally compact Hausdorff spaces. Therefore
any commutative C∗− algebra is an alternative representation of a topological space.
Similarly a category of (noncommutative) C∗− algebras can be regarded as a category
of generalized (noncommutative) locally compact Hausdorff spaces. Generalizations of
topological invariants may be defined by algebraic methods. For example Serre Swan
theorem states that complex topological K - theory coincides with K - theory of C∗ -
algebras. However the algebraic topology have a rich set of invariants. Some invari-
ants do not have noncommutative generalizations yet. This article contains a sample
of noncommutative universal covering. General theory of noncommutative universal
coverings is being developed by the author of this article. However this sample has
independent interest, it is very easy to understand and does not require knowledge of
Hopf-Galois extensions.
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1 Introduction
Following Gelfand-Nai˘mark theorem [2] states that category of locally compact Hausdorff
topological spaces is equivalent to a category of commutative C∗− algebras.
Theorem 1.1. Let Haus be a category of locally compact Hausdorff spaces with continuous proper
maps as morphisms. And, let C∗Comm be the category of commutative C -algebras with proper
*-homomorphisms (send approximate units into approximate units) as morphisms. There is a con-
travariant functor C : Haus→ C∗Comm which sends each locally compact Hausdorff space X to
the commutative C∗ -algebra C0(X) (C(X) if X is compact). Conversely, there is a contravariant
functor Ω : C∗Comm → Haus which sends each commutative C∗ -algebra A to the space of
characters on A (with the Gelfand topology).
The functors C and Ω are an equivalence of categories.
So any (noncommutative) C∗− algebra may be regarded as generalized (noncommutative)
locally compact Hausdorff topological space. We may summarize several properties of the
Gelfand Nai˘mark cofunctor with the following dictionary.
TOPOLOGY ALGEBRA
Locally compact space C∗ - algebra
Compact space Unital C∗ - algebra
Continuous map *-homomorpfism
Minimal compactification Unitization
Maximal compactification Algebra if multpicators
Closed subset Ideal
Disjoint union of topological spaces (∐Xι) Direct sum of (pro) - C
∗ algebras (⊕Aι)
Principal fibration Hopf-Galois extension.
Universal covering ?
This article assumes elementary knowledge of following subjects.
1. Algebraic topology [3].
2. C∗− algebras and operator theory [1], [2],
We use following notation.
2
Symbol Meaning
N monoid of natural numbers
Z ring of integers
R (resp. C) Field of real (resp. complex) numbers
Q Field of rational numbers
H Hilbert space
B(H) Algebra of bounded operators on Hilbert space H
K(H) or K Algebra of compact operators on Hilbert space H
U(H) ⊂ B(H) Group of unitary operators on Hilbert space H
U(A) ∈ A Group of unitary operators of algebra A
A+ C∗− algebra A with adjointed identity
M(A) A multiplier algebra of C∗-algebra A
C(X) C∗ - algebra of continuous complex valued
functions on topological space X
C0(X) C
∗ - algebra of continuous complex valued
functions on topological space which tends to 0 at infinity
Cc(X) Algebra of continuous functions with compact support
sp(a) Spectrum of element of C∗-algebra a ∈ A
If X˜ → X is an universal covering then there is a natural ∗-homomorphism f : C0(X) →
M(C0(X˜)). Homomorphism f can be defined by a faithful representations pi : C0(X) →
B(H), pi∗ : C0(X˜) → B(H) such that
pi∗( f (x)x˜) = pi(x)pi∗(x˜), pi∗(x˜ f (x)) = pi∗(x˜)pi(x), x ∈ C0(X), x˜ ∈ C0(X˜). (1)
We would like construct an analogue of 1 for a noncommutative torus.
2 Algebraic construction of known universal covering spaces
2.1 Algebraic construction of the R → S1 covering
Our construction contains two ingredients:
1. Algebraic analogue of n - listed covering projection fn : S
1 → S1 ;
2. Algebraic analogue of R → S1;
2.1. Construction of n - listed covering projection. It is well known that C(S1) is a C∗-algebra
which is generated by a single unitary element u ∈ U(C(S1)). The C(S1) algebra can be
faithfully represented, i.e. there is an inclusion C(S1) → B(H). Let sp(u) ∈ C be the
spectrum of the u (it is known that sp(u) = {z ∈ C | |z| = 1}), φ ∈ B∞(sp(u)) is a
Borel-measurable function such that
(φ(z))n = z (∀z ∈ sp(u)). (2)
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According to spectral theorem [2] there exist v = φ(u) ∈ U(B(H)) and vn = u. Let
C(u) → B(H) (resp. C(v) → B(H)) be a C∗- algebra generated by u (resp. v), then we
have an inclusion C(u) ⊂ C(v) which corresponds to an n - listed covering projection
fn : S
1 → S1.
2.2. Construction of R → S1. A circle S1 can be parameterized by an angle parameter θ ∈
[−pi,pi]. Any function g ∈ C([−1, 1]) such that g(−1) = g(1) corresponds to ϕg ∈ C(S1)
such that φg(θ) = g(θ/pi). Let us fix a sequence of operators u0 = u, u1, u2, ... ∈ B(H) such
that u2n+1 = un, we have a sequence of inclusions C(u) = C(u0) ⊂ C(u1) ⊂ C(u2) ⊂ ...→
B(H). We would like to prove that this sequence and any representation pi : C(u)→ B(H)
naturally defines a representation pi∗ : C0(R) → B(H). Let Cc(R) ⊂ C0(R) be an algebra
of functions with compact support. There is a natural inclusion i : Cc(R)→ B(H) defined
by following way. If f ∈ Cc(R) then there is n ∈ N such that support of f is contained in
[−2n, 2n]. If f ∗ ∈ C([−1, 1]) is such that f (x) = f ∗(2nx) then f ∗(−1) = f ∗(1) = 0, and we
can define φ f ∗ ∈ C(S
1). If pin : C(S1) ≈ C(un) → B(H) then we set i( f ) = pin(φ f ∗). It is
clear that this definition does not depend on n. Since Cc(R) is dense in C0(R), an inclusion
i : Cc(R) → B(H) can be continuously extended to a representation pi∗ : C0(R) → B(H).
Representations pi and pi∗ satisfy (1).
2.2 Algebraic construction of the R2 → S1 × S1 covering
2.3. Construction of C∗ - algebra. The C(S1× S1) is generated by two unitary elements u, v ∈
U(C(S1× S1)). There is a faithful representation C(S1× S1) → B(H). This representation
induces two faithful representations piu : C(u) → B(H), piv : C(v)→ B(H). Construction
from section 2.1 supplies following two representations:
1. pi∗u : C0(R) → B(H),
2. pi∗v : C0(R) → B(H).
It is naturally to suppose that C0(R
2) is isomorphic to the norm completion of subalgebra
of B(H) generated by operators of following type:
pi∗u( f1)pi
∗
v( f2), pi
∗
v( f1)pi
∗
u( f2); ( f1, f2 ∈ C0(R)). (3)
However it is not always true. This construction is not unique because there are different
Borel-measurable functions which satisfy (2). This algebra is not always commutative,
because one can select element u1 ∈ B(H) such that u = u
2
1 and u1v = −vu1. However
any algebra constructed by (3) is representative of an unique Morita equivalence class.
2.4. Morita equivalence. Although constructed above algebra is not always isomorphic to
C0(R
2) it is strongly Morita equivalent to it [1]. As it is proven in [4] a σ-unital C∗-algebra
A is strongly Morita equivalent to a σ-unital C∗-algebra B if there is a ∗-isomorphism
A⊗K ≈ B⊗K. I find that good noncommutative theory of universal coverings should
be invariant with respect to Morita equivalence. This theory can replace C∗-algebras with
their stabilizations (recall that the stabilization of a C∗ algebra A is a C∗-algebra A⊗K).
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Definition 2.5. Let A be a C∗-algebra, A → B(H) is a faithful representation, u ∈ U(A+),
v ∈ U(B(H)), is such that vn = u and vi /∈ U(A+), (i = 1, ..., n− 1). A generated by v
algebra is a minimal subalgebra of B(H) which contains following operators:
1. via; (a ∈ A, i = 0, ..., n− 1)
2. avi.
Denote by A{v} a generated by v algebra.
Lemma 2.6. Let A be a C∗-algebra, A → B(H) is a faithful representation, u ∈ U(A+) is an
unitary element such that sp(u) = {z ∈ C | |z| = 1}, ξ, η ∈ B∞(sp(u)) are Borel measured
functions such that ξ(z)n = η(z)n = z (∀z ∈ sp(u)). Then there is an isomorphism
A{ξ(u)} ⊗K → A{η(u)} ⊗K (4)
which is also a left A-module isomorphism. The isomorphism is given by
ξ(u)⊗ x 7→ η(u)⊗ ξη−1(u)x; (x ∈ K). (5)
Proof. Follows from the equality ξ(u) = ξη−1(η(u)).
Let u ∈ U(C(S1 × S1)) be an unitary such that u 6= vn for any n > 1, v ∈ U(C(S1 × S1)).
One can construct different sequences x0 = u, x1, x2, ... ∈ B(H), y0 = u, y1, y2, ... ∈ B(H),
such that xn+1 = x
2
n, yn+1 = y
2
n but C
∗ - algebras
A{x1} ⊂ A{x2} ⊂ ...
are not isomorphic to C∗ - algebras
A{y1} ⊂ A{y2} ⊂ ... .
However following sequences
A{x1} ⊗ K ⊂ A{x2} ⊗K ⊂ ...
A{y1} ⊗K ⊂ A{y2} ⊗ K ⊂ ...
contain isomorphic algebras. If A is the norm completion of an algebra generated by (3)
then A⊗K ≈ C0(R
2)⊗K, i.e. A is strongly Morita equivalent to C0(R
2).
3 Universal covering of a noncommutative torus
A noncommmutative torus [5] Aθ is a C
∗-algebra generated by two unitary elements
(u, v ∈ U(Aθ)) such that
uv = e2piiθvu, (θ ∈ R).
If θ ∈ Q then noncommutative torus is strongly Morita equivalent to commutative one,
i.e. Aθ ⊗K ≈ C(S
1 × S1)⊗K, and our construction is the same as in the section 2.2. A
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case θ /∈ Q is more interesting. However a construction universal covering fully coincides
with the considered in section 2.2 one. Let Aθ → B(H) be a faithful representation. This
representation induces two representations piu : C(u) → B(H), piv : C(v) → B(H). These
representations induce representations pi∗u(C0(R)) → B(H), pi
∗
v(C0(R)) → B(H). The
universal algebra of noncommutative torus is a norm completion of an algebra generated
by operators of following type
pi∗u( f1)pi
∗
v( f2), pi
∗
v( f1)pi
∗
u( f2); ( f1, f2 ∈ C0(R)).
This algebra is not unique but it is a representative of the unique strong Morita equivalence
class.
4 Discussion
It is known the Maxwell’s equations of classical electrodynamic are more important than
Maxwell’s proof. Now I am occupied by general theory of noncommutative universal cov-
erings, which uses theory of Hopf C∗-algebras and Hopf-Galois extensions [6]. However
I obtained a new algebra which can be regarded as a locally compact spectral triple [5].
Maybe this result is more interesting than a general theory. This algebra is also interest-
ing because it contains almost commutative sector, i.e. noncommutativity parameter θ is
infinitesimal. It means that there is a sequence of algebras
Aθ → Aθ/2 → ...
such that noncommutativity parameter tends to 0. Maybe this algebra has a physical
sense. I found an analogy of this algebra with [7] Kaluza-Klein theory. In Kaluza-Klein
theory we do not observe compact dimensions of the Universe because they are compact.
We observe flat quotient space, which corresponds to a subalgebra of the Universe. Maybe
we observe almost commutative subalgebra of the Universe, because we cannot observe a
noncommutative algebra.
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